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Abstract
First, we prove the existence of certain types of non-special divisors of degree g−1 in the algebraic func-
tion fields of genus g defined over Fq . Then, it enables us to obtain upper bounds of the tensor rank of the
multiplication in any extension of quadratic finite fields Fq by using Shimura and modular curves defined
over Fq . From the preceding results, we obtain upper bounds of the tensor rank of the multiplication in
any extension of certain non-quadratic finite fields Fq , notably in the case of F2. These upper bounds attain
the best asymptotic upper bounds of Shparlinski–Tsfasman–Vladut [I.E. Shparlinski, M.A. Tsfasman, S.G.
Vladut, Curves with many points and multiplication in finite fields, in: Lecture Notes in Math., vol. 1518,
Springer-Verlag, Berlin, 1992, pp. 145–169].
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1. Introduction
1.1. Tensor rank of multiplication
Let Fq be a finite field with q elements where q is a prime power and let Fqn be a Fq exten-
sion of degree n. We denote by m the ordinary multiplication in the Fq -vector space Fqn . The
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doi:10.1016/j.jnt.2007.06.010
1796 S. Ballet / Journal of Number Theory 128 (2008) 1795–1806multiplication m is a bilinear map from Fqn × Fqn into Fqn , thus it corresponds to a linear map
M from the tensor product Fqn ⊗ Fqn over Fq into Fqn . One can also represent M by a tensor
tM ∈ F∗qn ⊗ F∗qn ⊗ Fqn where F∗qn denotes the dual of Fqn over Fq . Hence the product of two
elements x and y of Fqn is the convolution of this tensor with x ⊗ y ∈ Fqn ⊗ Fqn . If
tM =
λ∑
l=1
al ⊗ bl ⊗ cl (1)
where al ∈ F∗qn , bl ∈ F∗qn , cl ∈ Fqn , then
x.y =
λ∑
l=1
al(x)bl(y)cl. (2)
Every expression (2) is called a bilinear multiplication algorithm U . The integer λ is called the
multiplicative complexity μ(U) of U .
Let us set
μq(n) = minU μ(U),
where U is running over all bilinear multiplication algorithms in Fqn over Fq .
Then μq(n) corresponds to the minimum possible number of summands in any tensor de-
composition of type (1), which is the rank of the tensor of the multiplication in Fqn over Fq . The
tensor rank μq(n) is also called the bilinear complexity of multiplication in Fqn over Fq .
1.2. Notations on algebraic function field
Let F/Fq be an algebraic function field of one variable of genus g, with constant field Fq ,
associated to a curve X defined over Fq . Let Div(F/Fq) be the divisor group of F/Fq . For any
place P we define FP to be the residue class field of P and OP its valuation ring. If D is a
divisor in Div(F/Fq) then L(D) = {f ∈ F, D+ (f ) 0}∪ {0} is a vector space over Fq whose
dimension dimD is given by the Riemann–Roch theorem. We denote by K a canonical divisor.
A divisor D is called non-special if dim(K−D) = 0; otherwise D is called special. The degree
of a divisor D =∑P aPP is defined by degD =∑P aP degP where degP is the dimension
of FP over Fq . Recall that if degD  2g − 1, then D is non-special. The order of a divisor
D =∑P aPP in P is the number aP denoted by ordPD. The support of a divisor D is the set
suppD of the places P such that ordPD = 0. The divisor D is called effective if ordPD  0
for any P . We denote by Dm the number of the effective divisors of degree m. We denote by
Jac(F/Fq) the group of rational points over Fq of the jacobian of F/Fq . Then Jac(F/Fq) is the
group of classes of zero-degree divisors modulo the principal ones. The order h of Jac(F/Fq),
called divisor class number, is equal to L(F/Fq,1), where L(F/Fq, t) ∈ Z[t] is the numerator
of the zeta function Z(F/Fq, t). Recall that
Z(F/Fq, t) :=
+∞∑
Dmt
m = L(F/Fq, t)
(1 − t)(1 − qt) ,
m=0
S. Ballet / Journal of Number Theory 128 (2008) 1795–1806 1797where L(F/Fq, t) =∑2gj=0 aj tj , with aj = qj−ga2g−j , for all j = 0, . . . , g. Let πj and π¯j be
the reciprocal roots of L, for all j = 1, . . . , g, we have
L(F/Fq, t) =
g∏
j=1
(1 − πj t)(1 − π¯j t).
1.3. Known results
The tensor rank μq(n) of multiplication in the n-degree extension of a finite field Fq with q
elements is known for certain values of n. In particular, S. Winograd [22] and H. de Groote [11]
have shown that this tensor rank is  2n − 1, with equality holding if and only if n  12q + 1.
Using interpolation on algebraic curves of genus g defined over Fq , D.V. and G.V. Chudnovsky
proved asymptotically in [9] that the tensor rank of multiplication in any finite field Fqn , where
q = pr is an arbitrary prime power, is linear with respect to the degree n. Then, from the asymp-
totic point of view used by D.V. and G.V. Chudnovsky, Shparlinski, Tsfasman and Vladut have
obtained in [19] asymptotic upper bounds for the tensor rank by considering:
Mq = lim sup
k→∞
μq(k)
k
and
mq = lim inf
k→∞
μq(k)
k
.
Let us summarize their estimates given in [19]:
(1) q = 2
3.52m2  35/6,
M2  27.
(2) q  9 is a square
2
(
1 + 1
q − 1
)
mq  2
(
1 + 1√
q − 2
)
,
Mq  2
(
1 + 1√
q − 2
)
.
(3) q > 2
2
(
1 + 1
q − 1
)
mq  3
(
1 + 1
q − 2
)
,
Mq  6
(
1 + 1
q − 2
)
.
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upper bounds on the multiplication tensor rank [1,2,4–7]. The obtained results show that the mul-
tiplication tensor rank is linear uniformly in q with respect to the degree of extension. Moreover,
from these results, the constant Mq of Shparlinski, Tsfasman and Vladut can be significantly
improved in certain cases:
for a prime p > 5, Mp  3
(
1 + 4
p − 3
)
by [7]
for a non-quadratic prime power q = pr > 16, Mq  3
(
1 + 2p
q − 3
)
by [4–6].
However, the distance between mq and Mq is still important and in particular the asymptotic
upper bounds of Shparlinski, Tsfasman and Vladut are not reached in the case where the finite
field Fq is quadratic.
Let us recall the last version of the theorem which describes the basis of the multiplication
algorithm of type Chudnovsky ([9], [4]):
Theorem 1.1. Let
• F/Fq be an algebraic function field,
• Q be a degree n place of F/Fq ,
• D be a divisor of F/Fq ,
• P = {P1, . . . ,PN1 ,Q1, . . . ,QN2} be a set of places of degree 1 and 2 where Pi denotes a
place of degree 1 and Qi a place of degree 2 in F/Fq .
We suppose that Q, P1, . . . ,PN1 ,Q1, . . . ,QN2 are not in the support of D and that:
(a) the application
EvQ :L(D) → Fqn 
 FQ
is onto,
(b) the application
EvP :
{
L(2D) → FN1q × FN2q2 ,
f → (f (P1), . . . , f (PN1), f (Q1), . . . , f (QN2))
is injective.
Then
μq(n)N1 + 3N2.
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In Section 2, we first prove the existence of certain types of non-special divisors of degree
g − 1 in the algebraic function fields of an arbitrary genus g having sufficient places of degree
one or two, defined over any finite field Fq with q > 5. Then we prove Theorem 2.1 by improv-
ing the conditions of the construction of D.V. and G.V Chudnovsky’s bilinear algorithms (cf.
Theorem 1.1) for multiplication in the extensions of finite fields Fq with q > 5. This theorem
significantly improves the results obtained in [1,4] and [3]. In Section 3, we deduce new bounds
of the tensor rank of the multiplication in any extension of quadratic finite fields Fq with q  9
from the results of Section 2 and from the existence of certain families of Shimura and modu-
lar curves defined over Fq . In addition, from the preceding results concerning the extensions of
quadratic finite fields, we improve the bounds of the tensor rank of the multiplication in any ex-
tension of certain non-quadratic finite fields Fq , in particular in the case of F2. All these bounds
reach the best asymptotic upper bounds of Shparlinski, Tsfasman and Vladut [19].
2. General theorical results
In this section, we prove Theorem 2.1. In this end, we need to establish a result on the non-
special divisors of degree g − 1. First, let us prove the following lemma.
Lemma 2.1. Let q be a prime power and F/Fq be an algebraic function field of genus g  2
defined over Fq . Let L(F/Fq, t) be the numerator of its zeta function and h = L(F/Fq,1) its
divisor class number. Let Dm be the number of effective divisors of degree m. Then
Dg−1 <
h
(q1/2 − 1)2 .
Proof. Let us set L(t) := L(F/Fq, t). From the functional equation of the zeta function, it can
be deduced (see [16, Lemma 3(i)]) that, for g  1, one has
Dm = qm+1−gD2g−2−m + hq
m+1−g − 1
q − 1 , for all 0m 2g − 2. (3)
For g  2, it follows from (3) that (see [15] or [16], Lemma 3 and proof of Lemma 6)
g−2∑
m=0
Dmt
m +
g−1∑
m=0
qg−1−mDmt2g−2−m = L(t) − ht
g
(1 − t)(1 − qt) .
Substituting t = q−1/2 in the last identity, we obtain
2
g−2∑
q−m/2Dm + q−(g−1)/2Dg−1 = h − q
g/2L(q−1/2)
(q1/2 − 1)2q(g−1)/2
m=0
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2
g−2∑
m=0
q(g−1−m)/2Dm + Dg−1  h
(q1/2 − 1)2 . (4)
By (4), for g  2 we have
Dg−1 < 2q(g−1)/2D0 + Dg−1  2
g−2∑
m=0
q(g−1−m)/2Dm + Dg−1  h
(q1/2 − 1)2 ,
and the proof is complete. 
Now, we denote by Nk(F/Fq) the number of places of degree k in F/Fq and we suppose that
all considered algebraic function fields F/Fq defined over Fq have at least one place of degree
one (i.e. N1(F/Fq) 1).
Proposition 2.1. Let q be a prime power such that q > 5 and let n be an integer > 1. Let F/Fq
be an algebraic function field of genus g and Nk a number of places of degree k in F/Fq .
Let P = {P1, . . . ,PN1,Q1, . . . ,QN2} be a set of places of degree 1 and 2 where Pi denotes a
place of degree 1 and Qi a place of degree 2 in F/Fq . If F/Fq is such that Nn(F/Fq) > 0 (or
2g + 1 q(n−1)/2(q1/2 − 1)) then:
(1) if N1(F/Fq) 2n + g − 1, then there exist a divisor D of degree n + g − 1 and a place Q
of degree n such that the divisors 2D− (P1 + · · · +P2n+g−1) and D−Q are non-special of
degree g − 1;
(2) if N1(F/Fq) + 2N2(F/Fq) 2n + g − 1, then there exists a divisor D of degree n + g − 1
and a place Q of degree n such that the divisors 2D− (P1 + · · · + PN1 + Q1 + · · · + QN2)
and D− Q are non-special of degree g − 1.
Proof. It is known for g = 0 and g = 1 (cf. [8] and [3]). Since Nn(F/Fq) > 0, let us fix an
arbitrary place Q of degree n. Note that the inequality 2g + 1 q(n−1)/2(q1/2 − 1) is an easily
verifiable sufficient condition for obtaining the existence of a place of degree n by [20, Corol-
lary v.2.10.c, p. 179]. First, we consider the case (1) and we set N1 = 2n + g − 1. Now, let us
prove that there exists a divisor D of degree n + g − 1 with g  2 such that
dim(D− Q) = 0 (5)
and
dim
(
2D− (P1 + · · · + PN1)
)= 0 (6)
where {P1, . . . ,PN1} denotes a set of N1 places of degree 1 in F/Fq . Then the divisors 2D −
(P1 + · · · + PN1) and D − Q are non-special of degree g − 1 if their dimension satisfies (5)
and (6). If the conditions (5) or (6) fails, it means that either the divisor D − Q or the divisor
2D− (P1 +· · ·+PN1) is equivalent to an effective divisor of degree g−1. Two arbitrary divisors
lying in different linear equivalence classes correspond to different effective divisors. Hence,
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condition (5) or the condition (6) fails is at most 2Dg−1 where Dg−1 denotes the number of the
effective divisors of degree g−1 in the algebraic function field F/Fq . The total number of linear
equivalence classes of an arbitrary degree equals the divisor class number h of F/Fq . Moreover,
by Lemma 2.1 we have Dg−1 < h(q1/2−1)2 and as q  7, we have 2Dg−1 < h. Consequently, there
exist divisors D such that the conditions (5) and (6) are satisfied. It is similar in the case (2). If
N1(F/Fq)+ 2N2(F/Fq) 2n+ g − 1, we can set N1 + 2N2 = 2n+ g − 1 since N1(F/Fq) 1
and the degree of the divisors D− Q and 2D− (P1 + · · · + PN1 + Q1 + · · · + QN2) is equal to
g − 1. As in the case (1), we prove the existence of a divisor D of degree n+ g − 1 such that the
divisors D − Q and 2D− (P1 + · · · + PN1 + Q1 + · · · + QN2) are non-special of degree g − 1
if q  7 and the proof is complete. 
Theorem 2.1. Let q > 5 be a prime power and let n be an integer > 1. Let F/Fq be an
algebraic function field of genus g and Nk a number of places of degree k in F/Fq . Let
P = {P1, . . . ,PN1,Q1, . . . ,QN2} be a set of places of degree 1 and 2 where Pi denotes a
place of degree 1 and Qi a place of degree 2 in F/Fq . If F/Fq is such that Nn(F/Fq) > 0
(or 2g + 1 q(n−1)/2(q1/2 − 1)) then:
(1) if N1(F/Fq) 2n + g − 1, then
μq(n) 2n + g − 1,
(2) if N1(F/Fq) + 2N2(F/Fq) 2n + g − 1, then
μq(n) 3
(
n + g
2
)
.
Proof. By Proposition 2.1 there exist a place Q of degree n and a divisor D of degree n + g − 1
such that the divisorsD−Q and 2D− (P1 +· · ·+PN1 +Q1 +· · ·+QN2) are non-special of de-
gree g − 1. In particular, we have N1 +2N2 = 2n+g−1 which is possible since N1(F/Fq) 1.
Hence, the kernels of the evaluation maps EvP and EvQ defined in Theorem 1.1 are trivial by the
Riemann–Roch theorem. In particular EvQ and EvP clearly are isomorphisms since dimD  n
and dim(2D) = 2n + g − 1 by the Riemann–Roch theorem. Then in case (1) where N2 = 0, we
obtain μq(n)N1  2n+ g − 1 and in case (2), we obtain μq(n)N1 + 3N2  3(n+ g2 ), both
by Theorem 1.1. Let us notice that by [10, Lecture 14, Lemme 1], we can always consider the
divisor D such that ordPD = 0 for all places P of degree one and two and ordQD = 0, asserting
that the evaluation maps are well defined. 
3. New bounds of the tensor rank
For any algebraic function field F/Fq defined over the finite field Fq , we denote by g(F/Fq)
the genus of F/Fq and by X(Fq) a curve associated to F/Fq and by Nk(F/Fq) the number of
places of degree k in F/Fq .
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(1) Let q = p be a prime such that q  3. Then for any integer n > 12 (q2 + 2q + 1) there exist a
prime number l and an algebraic function field F/Fq2 of genus g = l defined over Fq2 such
that N1(F/Fq2) (p − 1)(g + 1) 2n + g − 1 and Nn(F/Fq2) > 0.
(2) Let q = pm be a prime power such that q  3. Then for any integer n > 12 (q2 + 2q + 1)
there exist a prime number l and an algebraic function field F/Fq2 defined over Fq2 of
genus gl = 1 + l(g − 1) where g is the genus of a Shimura curve such that N1(F/Fq2) 
l(q − 1)(g + 1) 2n + gl − 1 and Nn(F/Fq2) > 0.
Proof. In the case (1), it is known ([21] and [19]) that the curve X = X0(11lk), where lk is the
kth prime number, has a genus g = l = lk and satisfies N1(X(Fq2))  (q − 1)(g + 1) where
N1(X(Fq2)) denotes its number of the rational points over Fq2 . Hence, it is clear that if q  3,
its associated algebraic function field F/Fq2 satisfies the conditions of (1) since in addition the
inequality 2g + 1 qn−1(q − 1) is satisfied for n > 12 (q2 + 2q + 1), which ensures the existence
of a place of degree n by [20, Corollary v.2.10.c p. 179]. In the case (2), we use the well-known
Shimura curves as in [19]. Recall the construction of this good family. Let L be a totally real
abelian over Q number field of degree m in which p is inert, thus the residue class field OL/(p)
of p, where OL denotes the ring of integers of L, is isomorphic to the finite field Fq . Let ℘ be a
prime of L which does not divide p and let B be a quaternion algebra for which
B ⊗L R = M2(R) ⊗ H ⊗ · · · ⊗ H
where H is the skew field of Hamilton quaternions. Let B be also unramified at any finite place
if (m − 1) is even; let B be unramified outside infinity and ℘ if (m − 1) is odd. Then, over L
one can define the Shimura curve by its complex points XΓ (C) = h/Γ , where h is the Poincaré
upper half-plane and Γ is the group of units of a maximal order O of B with totally positive
norm modulo its center. Moreover, it is well known that its reduction XΓ,p modulo p is good
and by [14], N1(XΓ,p(Fq2))  (q − 1)(g + 1), where g denotes the genus of XΓ,p(Fq2). Let
now l be a prime which is greater than the maximum order of stabilizers Γz, where z ∈ h is a
fixed point of Γ and let ℘  l. Let Γ0(l)l be the following subgroup of GL2(Zl ):
Γ0(l)l =
{(
a b
c d
)
∈ GL2(Zl ), c ≡ 0 (mod l)
}
.
Suppose that l splits completely in L. Then there is a natural map:
φl :Γ → GL2(Zl ).
Let Γl be the inverse map of Γ0(l)l in Γ under φl . Then Γl is a subgroup of Γ of index l. We
consider the Shimura curve Xl with
Xl(C) = h/Γl.
This can be defined over L and its reduction Xl,p modulo p is good. Moreover the supersingular
Fp-points of Xl,p split completely in the natural projection
πl :Xl,p → XΓ,p.
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N1
(
Xl,p(Fq2)
)
 l(q − 1)(g + 1).
Moreover, since l is greater than the maximum order of a fixed point of Γ on h, the projection
πl is unramified and thus by Hurwitz formula,
gl = 1 + l(g − 1)
where gl is the genus of Xl,p . Consequently, it is clear that if q  3, its associated algebraic
function field F/Fq2 satisfies the conditions of (2) since in addition the inequality 2g + 1 
qn−1(q − 1) is satisfied for n > 12 (q2 + 2q + 1), which ensures the existence of a place of
degree n by [20, Corollary v.2.10.c, p. 179], and the proof is complete. 
Theorem 3.1. Let q = pm be a prime power such that q  3. We have for any integer n
μq2(n) 2n
(
1 + 2
q − 2
)
.
Proof. Let q = pm be a prime power such that q  3. It is known that the bilinear complex-
ity μq2(n) of the multiplication in the finite field Fqn is such that μq2(n)  2n for any integer
n  12 (q2 + 2q + 1) by the results of Shokrollahi and Chaumine ([18] and [8]). Hence, let us
consider any integer n > 12 (q
2 + q + 1). Let x be an integer > 1. Then there exists a prime num-
ber l such that x < l < 2x by a famous result of Chebyshev (cf. [17]). Hence, let us consider two
cases. If q = p, there exist two consecutive prime numbers l1 and l2 such that (p − 1)(l2 + 1)
2n+ l2 − 1 and (p − 1)(l1 + 1) < 2n+ l1 − 1 with l2 < 2l1. Then by (1) in Proposition 3.1, there
exists an algebraic function field F/Fp2 of genus l2 defined over Fp2 such that N1(F/Fp2) 
(p − 1)(l2 + 1)  2n + l2 − 1 and Nn(F/Fp2) > 0. Consequently, this algebraic function
field F/Fp2 satisfies Theorem 2.1, and so μp2(n)  2n + l2 − 1  2n + 2l1 − 1 with l1 
2n
p−2 − pp−2 . Thus, we obtain μp2(n)  2n(1 + 2p−2 ). Now, let us study the more interest-
ing case where q = pm with m > 1. Then there exist two consecutive prime numbers l1 and
l2 such that l2(q − 1)(g + 1)  2n + gl2 − 1 and l1(q − 1)(g + 1) < 2n + gl1 − 1 with
l2  2l1 where g is an integer and gli = 1 + li (g − 1) for i = 1,2. Then by (2) in Proposi-
tion 3.1, there exists an algebraic function field F/Fq2 of genus gl2 defined over Fq2 such that
N1(F/Fq2)  l2(q − 1)(g + 1)  2n + gl2 − 1 where g is the genus of a Shimura curve and
Nn(F/Fq2) > 0. Consequently, this algebraic function field F/Fq2 satisfies Theorem 2.1, and so
μq2(n)  2n + gl2 − 1  2n + l2(g − 1)  2n + 2l1(g − 1) with l1 < 2n(q−1)(g+1)−(g−1) . Thus,
we obtain μq2(n) 2n + 4n(g−1)(q−1)(g+1)−(g−1)  2n + 4n(g−1)(q−1)(g−1)−(g−1)  2n(1 + 2q−2 ) and we are
done. 
Remark. Let us note that on the one hand this bound improves the bound μp2(n) 2n(1+ 2p−3 )
with p  5 found by Ballet–Chaumine in [7] from a tower of Garcia–Stichtenoth–Rück [13],
for the case where q = p; on the other hand, this bound significantly improves the general case
where q = pm with m 1.
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μq(n) 6
(
1 + 2
q − 2
)
n. (7)
For q = 2, μ2(n) 36n.
Proof. By Lemma 1.2 in [19], for all integers n and m, we have μq(n)  μq(mn) 
μq(m)μqm(n). Hence for q  3, we put m = 2 and use μq(2) = 3 for any q . Then the in-
equality (7) follows from Proposition 3.1. For q = 2 we put m = 4, then we use Proposition 3.1
and μ2(4) = 9 by [9] and the proof is complete. 
Remark. Let us note that this corollary improves the result of Corollary 3.1 in [2]. Moreover, the
case q = 3 gives μ3(n) 18n and is obtained directly from the inequality (7), which was not the
case with Corollary 4.3 in [1] and Corollary 3.1 in [2].
In our case, it is easy to see that when the degree n of the extensions of Fq2 increases, we can
obtain:
Theorem 3.2. Let q = pm be a prime power such that q  3. For any integer n n0,
μq2(n) 2n
(
1 + c
q − 2
)
where the constant c 1 tends towards 1 when n0 increases.
It directly follows from the arithmetical progression of prime numbers. In fact, we easily can
prove asymptotically that:
Proposition 3.2. Let q = pm be a prime power such that q  3,
lim sup
n→∞
μq2(n)
n
 2
(
1 + 1
q − 2
)
.
Proof. This is obtained in the same way as for the proof of Theorem 3.1 with the prime num-
bers l1 and l2 such that l1 ∼ l2. 
It enables us for the first time precisely to find the best known asymptotic estimates of mq
and Mq obtained in [19] in the case of the extensions of a quadratic finite field. Moreover, we
have:
Corollary 3.2. Let q be an prime power such that q  3. Then for any integer n,
lim sup
n→∞
μq(n)
n
 6
(
1 + 1
q − 2
)
, (8)
lim sup
n→∞
μ2(n)
n
 27 (9)
S. Ballet / Journal of Number Theory 128 (2008) 1795–1806 1805Proof. This is obtained in the same way as for the proof of Corollary 3.1 by using the inequality
of Proposition 3.2. 
It enables us for the first time precisely to find the best asymptotic estimates of Mq with q  2
obtained in [19] in the case of the extensions of an arbitrary finite field. In particular, we obtain
M2  27. But let us note that in the cases of the extensions of an arbitrary finite field Fq where
q = p  5 and q = pm > 16 with m an odd integer, the upper bounds and asymptotic upper
bounds obtained in [7] and [4–6] are better than those obtained in Corollaries 3.1 and 3.2. This
is due to the use of the descent over Fq of the definition field of the towers of Garcia–Stichtenoth
[12] and Garcia–Stichtenoth–Rück [13] defined over Fq2 . In fact, we can improve these bounds
by using Theorem 2.1 with the towers of Garcia–Stichtenoth [12] and Garcia–Stichtenoth–Rück
[13] defined over Fq2 because we are able to descend the definition field of these towers over Fq
as in [4–7]. However, it seems more interesting firstly to try descending the definition field of the
modular curves used in this paper for the case of an arbitrary finite field Fq , which we are not
able to do at present.
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